Abstract. In this note we investigate conditions under which a holomorphic self-map of the unit disk induces a composition operator with closed range on the Bloch space.
Introduction
This defines a seminorm, and the Bloch functions form a complex Banach space B with the norm
We will show that (1 − |z| 2 )|f (z)| is Lipschitz with respect to pseudo-hyperbolic metric and use this result to study composition operators on the Bloch space in Section 3.
The little Bloch space of D, denoted B 0 , is the closed subspace of B consisting of functions f with (1 − |z|
The composition operator
• ϕ on the space of analytic funtions on D. It is well known exactly when C ϕ is compact on B or B 0 [2] . To our knowledge no such study has been done to determine when C ϕ has closed range. In this note we give a set of necessary conditions and a partial converse. For a comprehensive treatment of composition operators we refer the reader to [3] .
We are grateful to Joel Shapiro for helpful discussions and to Wayne Smith for pointing out an error in our work and bringing the relavent part of his work to our notice. The third author also thanks Chongqing University and Sichuan University, for their hospitality while part of this work was in progress.
Necessary conditions
We assume that ϕ is a holomorphic self-map of the unit disk D and C ϕ is the composition operator on the Bloch space B. We write G = ϕ(D), and
The following are two simple consequences of the Schwarz-Pick Lemma [1, p. 2] .
(
The proof is a trivial consequence of (2) above. As Smith has shown in [4] there exists a univalent function ϕ :
. This is known to be equivalent to the fact that C ϕ is compact on B 0 [2] .
Proposition 1. If C ϕ is bounded below on B, then there exist positive constants , r
1−wϕ(0) . Clearly, f w is a bounded and continuous analytic function on the closed unit disk and so is in B 0 . Moreover, an easy computation gives f w β ≥ 1. Thus
On the other hand, we also have
and C ϕ f w (0) = 0. Then there is a point z w ∈ D such that
So we obtain that
and
This completes the proof.
Sufficient conditions
In this section we will obtain a sufficient condition for C ϕ to be bounded below on the Bloch space. First we show that for a Bloch function f , (1 − |z| 2 )|f (z)| is Lipschitz.
Theorem 1. Let f be in the Bloch space. Then
Letting g = f • ϕ w , we can rewrite the above equations as
Clearly by the definition of g B we have
where the last equation comes from the fact that the Bloch norm is the Möbius invariant. Now we turn to estimate |g (λ) − g (0)|. To do this, let λ ∈ D.
Note, for each z ∈ D,
for all 0 < r < 1. Then for each fixed 0 < r < 1, we have
Thus we obtain
for 0 < r < 1. Now we consider two cases. 
An easy calculation gives
So we get
Thus if |λ| ≤ 1/2, we have
Case 2. If |λ| > 1/2, then 2|λ| > 1. In this case,
Combining the above two cases we have
for |λ| < 1. Hence we conclude that
noting that ρ(z, w) = |λ|. This completes the proof.
Theorem 2.
If for some constants 0 < r < 1/4, and
Thus ψ(0) = 0, and
Since ϕ λ is a Möbius transform, C ϕ λ is an isometry on B. So we need only to prove that C ψ is bounded below on the Bloch space. Moreover ψ still satisfies the conditions of the theorem. In order to prove that C ψ is bounded below on the Bloch space it suffices to prove C ψ f β ≥ k for some constant k > 0 and all f ∈ B with f β = 1. To do this, let f be a function in the Bloch space with norm 1. For each z ∈ D, we have
Since f β = 1, there is a point w ∈ D such that
By Theorem 1, we have
Thus whenever ρ(ψ(z w ), w) < r < 1/4, we have that
We have proved that
whenever f β = 1. This completes the proof.
Addendum
As an expected corollary to Theorem 1 we get a converse to the RochbergSemmes result on interpolation by derivatives of Bloch functions. An easy exposition of it is found in Proposition 1 of [2] along with more references to similar work. We are grateful to Richard Rochberg for pointing out the connection.
Final remark
The preliminary investigations in this paper have led to stronger results including a set of necessary and sufficient conditions and their geometric interpretation. They will appear elsewhere.
